We give a new characterization of SOP (the strict order property) and an optimal version of a theorem of Shelah, namely a theory has OP (the order property) if and only if it has IP (the independence property) or SOP . We point out some connections between dividing lines in first order theories and subclasses of Baire 1 functions. * Partially supported by IPM grant 96030032
Introduction
This paper aims to continue a new approach to Shelah stability theory (in classical logic), which was followed in [5] , [6] . This approach is based on the fact that the study of the model-theoretic properties of formulas in 'models' instead of only these properties in 'theories' develops a sharper stability theory and establishes important links between model theory and other areas of mathematics, such as functional analysis. These links lead to new results, in both model theory and functional analysis, as well as better understanding of the known results.
Let us give the background and our own point of view. In the 70's Saharon Shelah developed local (formula-by-formula) stability theory and combinatorial properties of formulas and used them to gain global properties of theories. The independence property and the strict order property of a formula in a 'theory' were introduced in 1971 in [9] . It is quite natural to try to develop local stability theory for formulas in 'models' instead of only theories. Such a theory was developed in [7] , [1] for the order property and recently in [5] and [6] for the independence property. In [5] , even a further step was taken and the strict order property was studied and a connection between a theorem of Shelah and an important theorem in functional analysis was discovered. What is interesting is that some model-theoretic notions appeared independently in topology and function theory, and moreover various characterizations yield, via routine translations, the characterization of NSOP/NIP/NOP in a model M or set A, and some important theorems in model theory have twins there.
Recall that in [9] Shelah introduced the strict order property as complementary to the independence property: a theory has OP if and only if it has IP or SOP. Later many classes of independent NSOP theories, such as simple and NSOP n , were found. In [5] , it is shown that there is a correspondence between Shelah's theorem above and the well known compactness theorem of Eberlein andŠmulian. In the current paper, we complete some results of [5] and give a new characterization of SOP for classical logic. In fact, the correspondence mentioned above is completed in this article. What is substantial is that there are connections between classification in model theory and classification of Baire class 1 functions which lead to a better understanding of both of these aspects.
Our results are as follows. By removing of the indiscernibility assumption, we show that SOP corresponds precisely to a subclass of Baire 1 functions on the space of types (Proposition 2.6 below). We also give the most optimal version of Shelah's theorem above (Theorem 2.3 below). Finally, we point out connections between some dividing lines in first order theories and subclasses of Baire class 1 functions (Remark 2.7, subsection 2.2 and Section 3 below).
Model theory and function spaces
We work in classical ({0, 1}-valued) model theory context, although similar results are valid in the continuous logic framework. Our model theory notation is standard, and text such as [8] will be sufficient background for the model theory part of the paper. For the function theory part, read this paper with [5] in your hand.
We fix an L-formula φ(x, y), and L-structure M and a subset A of M. We letφ(y, x) = φ(x, y). Let X = Sφ(A) be the space of completeφ-types on A, namely the Stone space of ultrafilters on Boolean algebra generated by formulas φ(a, y) for a ∈ A. Each formula φ(a, y) for a ∈ A defines a function φ(a, y) : X → {0, 1}, which takes q ∈ X to 1 if φ(a, y) ∈ q and to 0 if φ(a, y) / ∈ q. Note that these functions are continuous.
A new characterization of SOP
SOP stands for the strict order property, and NSOP for not the strict order property. First, we recall some notions and facts. As we will see shortly, the following localized version of Shelah's theorem is the most optimal version. Before giving the proof let us remark:
Remark 2.4. We will see shortly that one can not expect a stronger result (see Proposition 2.6). Notice that Theorem 2.3 is optimal in two respects. First, the theory T is not necessarily NIP. Second, the sequence (a i ) is not necessarily indiscernible. It is easily to check that NIP and OP for a theory imply the two above conditions (i), (ii) .
Proof of Theorem 2.3. By Fact 2.2, we can assume that (a i ) is a φ-N-indiscernible sequence. Now, we repeat the argument of Theorem II.4.7 of [8] . By (i), there are the natural number N and η : N → {0, 1}, by η(i) = 1 if i ∈ E, and = 0 otherwise, such that i≤N φ(a i , y) η(i) is inconsistent. (Recall that for a formula ϕ, we use the notation ϕ 0 to mean ¬ϕ and ϕ 1 to mean ϕ.) Starting with that formula, we change one by one instances of
has the strict order property. Now we want to establish a connection between SOP and a class of functions. Recall that a real-valued function on a complete metric space is said to be of the first Baire class, or Baire 1, if it is the pointwise limit of a sequence of continuous functions. The following identifies the connection between SOP and a proper subclass of Baire 1 functions. Lemma 2.5. Let (f n ) be a sequence of {0, 1}-valued functions on a set X. Then the following are equivalent: (i) There are a natural number N and a set E ⊆ {1, . . . , N} such that for
Suppose moreover that X is a compact metric space and f n 's are continuous, then (ii) above (or equivalently (i)) implies (iii) below: (iii) (f n ) converges pointwise to a function f which is the difference of two bounded semi-continuous functions on X (short DBSC).
Proof. (i) ⇔ (ii): Suppose that (i) holds. Note that (i) states that we have a special pattern that does not exist in any sequence. Take an arbitrary element x of X. Without loss of generality, we can assume that f 2k (x) = 0 and f 2k+1 (x) = 1 for all k < ω. (Why?) Again, we can assume that E = N (or E = ∅). Now it can be easily verified that
) As x is arbitrary, (ii) holds. The other direction is even easier. Indeed, let N = M + 1, and
One can expect a converse to (ii) ⇒ (iii) above. Indeed, by a classical theorem of Baire [3, p. 274 ], if f is the DBSC then there are a sequence (f n ) of (bounded) continuous functions and a natural number M such that (f n ) converges pointwise to f and
guarantees that the sequence (f n ) converges pointwise, but there are Baire 1 functions, i.e. pointwise limits of continuous functions, which are not difference of two bounded semi-continuous functions (see [4] ).
The following gives a new characterization of SOP (for a theory) and shows that Theorem 2.3 above is the ultimate achievement. 
Moreover, if T is NIP then T is NSOP iff for any formula φ(x, y) there is a natural number N such that for any arbitrary sequence (a i : (ii) ⇒ (i): Suppose, for a contradiction, that φ(x, y) has SOP for theory T . This means that there is an indiscernible sequence (a i ) such that ∃y(¬φ(a i , y) ∧ φ(a j , y)) iff i < j. So, there is some sequence (b j ) such that φ(a i , b j ) holds iff i < j, i.e., the condition (ii) in Theorem 2.3 holds. Let us define ψ(x 1 , x 2 ) = ∃y(φ(x 1 , y) ∧ ¬φ(x 2 , y)). So, for i < j, ψ(a i , a j ) does not hold. Let N = {1, 2} and E = {1} and ψ(x 1 , x 2 ) as above. Then the condition (i) in Theorem 2.3 holds as well. This is a contradiction.
(iv) ⇒ (i): By Lemma 2.5 and an argument similar to the direction (ii) ⇒ (i), the proof is completed. 
In [6] , the notions NIP and/or NOP relative to a set or model were studied. We are now ready to introduce the 'correct' notion of NSOP in a model or a set. (1) there are a natural number N and a set E ⊆ {1, . . . , N} such that for each i 1 < · · · < i N < κ, M |= ψ(a i 1 , . . . , a i N ) where
¬φ(x i , y) , and
(2) for each natural number n and i 1 < · · · < i n < κ,
(ii) Let A be a set of l(x)-tuples from M. Then φ(x, y) has SOP in A if there is a countably infinite sequence (a i : i < ω) of elements of A which is a SOP -witness for φ(x, y).
(iii) Let A be a set of l(x)-tuples in M. We say that φ(x, y) has NSOP in A if it does not have SOP in A. We will shortly give examples that indicate why this notion is useful (see Examples 2.13 and 2.14 below).
Remarks on NIP
We already knew that a theory is NIP iff for any formula φ(x, y) and any sequence (a i : i < ω) there is a subsequence (a j i : i < ω) such that for any element b (in the monster model) there is an eventual truth value of (φ(a j i , b) : i < ω). In the language of function theory, the subsequence (φ(a j i , y) : i < ω) converges to a (Baire 1) function f . In the following we will see that the criterion presented in Lemma 2.5 makes it possible to say more: the limit f should be DBSC. Proposition 2.10 (Characterization of NIP). Let T be a complete L-theory, φ(x, y) an L-formula and U the monster model of T . Then the following are equivalent: (i) φ has NIP for T . (ii) For any arbitrary sequence (a i : i < ω), there is a subsequence (a j i : i < ω) such that for any b ∈ U there is an eventual truth value of (φ(a j i , b) : i < ω).
(iii) For any arbitrary sequence (a i : i < ω), there are a subsequence (a j i : i < ω) and a natural number N such that
(iv) For any arbitrary sequence (a i : i < ω), there are a subsequence (a j i : i < ω) such that the sequence φ(a j i , y) converges to a function f which is the difference of two bounded semi-continuous functions on the type space (short f is DBSC).
Proof. The equivalence (i) ⇔ (ii) is folklore. The direction (iii) ⇒ (iv) follows from Lemma 2.5. The direction (iv) ⇒ (ii) is evident. (i) ⇒ (iii): Suppose, for a contradiction, that there is a sequence (a i ) such that (iii) fails. Let n be an arbitrary natural number and ϕ be an arbitrary formula. By Fact 2.2, we can assume that (a i ) is ϕ-n-indiscernible. Then, by Lemma 2.5, there is a (finite) subsequence a j 1 , . . . , a jn and b ∈ U such that φ(a j i , b) holds iff i is even. As n and ϕ are arbitrary, the following set is a type
By the compactness theorem, there are an indiscernible sequence (c i ) and an element d such that φ(c i , d) holds if and only if i is even, a contradiction. Remark 2.11. (i) Recall that for a compact metric space X and a subset A ⊂ X, then the indicator function 1 A is Baire 1 if and only if A is both F σ and G δ . Moreover, if X is zero-dimensional then 1 A is the limit of a sequence of {0, 1}-valued continuous functions. Notice that the class of functions which are difference of bounded semi-continuous functions is a proper subclass of Baire 1 functions. Furthermore, every {0, 1}-valued function is the DBSC if and only if there exist disjoint differences of closed sets W 1 , . . . , W m such that f = m i=1 1 W i (see Proposition 2.2 of [2] ). (ii) As Pierre Simon pointed out to us, it is known that one can find a subsequence that converges to a finitely satisfiable type and it is known that invariant types in NIP theories have definitions which are finite Boolean combinations of closed sets. In fact, by the above remark, that is equivalent to Proposition 2.10(iv).
The following statement clearly indicates why the independence property and the strict order property are called orthogonal. (1) T is stable.
(2) The following two properties hold:
(i) (NIP): For any formula φ(x, y) and any arbitrary sequence (a i : i < ω), there are a subsequence (a j i : i < ω) and a natural number N such that the sequence φ(a j i , y) converges to a function f and for any b in the monster model, We will compare shortly the above observations with a well-known theorem of functional analysis, namely the Eberlein-Šmulian Theorem (Fact 3.1 below).
Examples
To clarify the issue and to use the results, we build some examples. First, we give a model M and a formula φ(x, y) such that φ has OP and NIP in M, and T h(M) has SOP. (1) R(a i , a j ) holds iff i < j, (2-k) For a fixed k < ω, we define:
for any i ≤ k, R(a 2 k +i , b k ) holds iff i is even, and for any j < 2 k or j > 2 k + k, ¬R(a j , b k ) holds. (Note that (1) says that R(x, y) has the order in M = A ∪ B. It is easy to verify that the formula R(x, y) is NIP in M.) Moreover, using Lemma 2.5(i) or Proposition 2.6, one can see that T h(M) has SOP. Indeed, notice that there is a subsequence (a j i ) such that the condition (i) of Theorem 2.3 holds.
In the following, we give a model N and a formula φ(x, y) such that φ has NIP and OP in M, and moreover T h(N) has IP and φ has NSOP for T h(N). Now, it is easy to verify that the formula R(x, y) is NIP in N = A ∪ I B I but it has OP in N. Also, (2-I-k) guarantee that the complete theory of this structure has IP (see Proposition 2.10(iii)). But, by Lemma 2.5, one can show that its theory does not have SOP. In fact, the type of SOP (for any formula) is not consistent with T h(N). Indeed, notice that for any natural number N, there is some natural number m such that there is no any subsequence c 1 , . . . , c m of (a i ) such that for each i 1 < · · · < i N ≤ m, the formula ψ(c i 1 , . . . , c i N ) holds, where ψ(x 1 , . . . , x N ) is the formula in Theorem 2.3(i) with φ(x, y) = R(x, y) (or any other formula).
This example confirms that there is a formula φ NSOP for a theory and a sequence (a i ) such that the sequence (φ(a i , y) : i < ω) pointwise converges to a non-continuous function. This statement contrasts with the theory of Random Graph (see Example 3.5 below).
Dividing lines in model theory and Baire class 1 functions
This part is mainly expository, and we point out some parallels between model theoretic dividing lines for first order theories and subclasses of Baire 1 functions, and propose a thesis. For this, we recall the following well-known theorem of functional analysis. If K is a topological space then C(K) denotes the space of bounded continuous functions on K. (1) A is relatively pointwise compact in C(K).
(i) Every sequence of A has a convergent subsequence, and (ii) the limit of every convergent sequence of A is continuous.
It is folklore that NIP implies (i) in the Eberlein-Šmulian Theorem. In [5] it is shown that (ii) implies NSOP. Notice that, by Proposition 2.6 and Corollary 2.12, the converses do not hold (see also Remark 2.7 above). Recall that (ii) is called the weak sequential completeness property (short SCP), and (i) is called the relative sequential compactness (short RSC). Notice that relative compactness of A corresponds to stability, by a criterion due to Eberlein and Grothendieck (see [5] , Fact 2.9). Now, we can complete the diagram presented in [5] :
Eberlein-Šmulian
Relative compact ⇐⇒ RSC + SCP
A thesis
In the Eberlein-Šmulian Theorem, notice that (ii) is the weakest property such that (i) and (ii) imply relative compactness. This leads to the following definition.
Definition 3.3. Let T be a complete L-theory. We say that T has the Baire 1 property if (P Baire 1 ) for any formula φ(x, y) and any infinite sequence (a i : i < ω), if for any b in the monster model there is an eventual truth value of the sequence (φ(a i , b) : i < ω), then there is no infinite sequence (b j : j < ω) such that φ(a i , b j ) holds iff i < j. There are so many questions: for a model theoretic property ♠, what is the right class ⊠ ♠ ? And converse, for a subclass ⊠, what is the right model theoretic propety ♠ ⊠ ?
Again, we point out that the notion NSOP is of the form "if... then...". This says that if any sequence of the form φ(a n , y) converges with a 'special rate', then the limit is continuous. One can expect other properties also have the same nature. If that is the case, the special rate for NSOP is stronger than the special rate for ♠. The above points strongly inspire us to believe that model theoretic classification is correlated with a classification of Baire class 1 functions similar to the work of Kechris and Louveau in [4] .
